Abstract-This paper presents a rigorous approach for the propagation of electromagnetic (EM) fields along a helical waveguide with arbitrary profiles in the rectangular cross section. The main objective is to develop a mode model to provide a numerical tool for the calculation of the output fields, output power density, and output power transmission for an arbitrary step's angle and the radius of the cylinder of the helical waveguide. Another objective is to demonstrate the ability of the model to solve practical problems with inhomogeneous dielectric profiles. The method is based on Fourier coefficients of the transverse dielectric profile and those of the input wave profile. Laplace transform is necessary to obtain the comfortable and simple input-output connections of the fields. This model is useful for the analysis of dielectric waveguides in the microwave and the millimeterwave regimes, for diffused optical waveguides in integrated optics. The output power transmission and the output power density are improved by increasing the step's angle or the radius of the cylinder of the helical waveguide, especially in the cases of space curved waveguides.
INTRODUCTION
Various methods for the analysis of curved waveguides have been studied in the literature. The propagation of general-order modes in curved rectangular waveguide examined by using asymptotic expansion method [1] . A matrix formulation of the generalized telegraphist's equation [2] used to obtain a general set of equations for a guide of arbitrary cross section with curved axis. The matrix elements involved mode-coupling coefficients which were obtained as rather general integrals of the mode basis functions and the space variables. Asymptotic forms of the coupling coefficients for gentle bends were determined and applied to propagation in rectangular guide bent into an arc of a circle between two sections of straight guide. For very sharp bends the matrix equations are tackled directly and results calculated numerically by truncation of the matrices at third order. By comparison with truncation at first and second order it seems that third order truncation should yield accurate numerical results.
Slabs with more general refractive index distributions were considered by Heiblum and Harris [3] and by Kawakami, Miyagi and Nishida [4] , using a WKB method [5] . These two papers consider the case when the mode on the curved waveguide is not a small perturbation of a mode on the straight guide, but was guided essentially by the outer boundary. The modes of this nature are known as "edge-guided" modes. The increase in radiation losses due to curvature for slightly leaky modes on hollow dielectric or imperfect metallic waveguides, a sort of composite of open and closed waveguide behavior, was investigated by Marcatily and Schmeltzer [6] .
Several methods of investigation of propagation were developed for study of empty curved waveguide and bends [7] [8] [9] [10] .
The results of precise numerical computations and extensive analytical investigation of the angular propagation constants were presented for various electromagnetic modes which may exit in waveguide bends of rectangular cross section [7] . A new equivalent circuit for circular E-plane bends, suitable for any curvature radius and rectangular waveguide type was presented in Ref. [8] . An accurate and efficient method of moments solution together with a mode-matching technique for the analysis of curved bends in a general parallel-plate waveguide was described in the case of a rectangular waveguides [9] . A rigorous differential method describing the propagation of an electromagnetic wave in a bent waveguide was presented in Ref. [10] .
An analytical method to study a general helix-loaded structure has been published in Ref. [11] . The inhomogeneously-loaded helix enclosed in a cylindrical waveguide operating in the fast-wave regime. The tape-helix model has been used which takes into account the effect of the space-harmonics, and is used particularly in the cases that the structure is operated at high voltages and for high helix pitch angles. The propagation characteristics of an elliptical step-index fiber with a conducting helical winding on the core-cladding boundary [12] are investigated analytically where the coordinate systems are chosen for the circular and elliptical fibers. In their waveguides the core and the cladding regions are assumed to have constant real refractive indices n 1 and n 2 , where n 1 > n 2 . The fibers are referred to as the elliptical helically cladded fiber and the circular helically cladded fiber.
An extensive survey of the related literature can be found in the book on electromagnetic waves and curved structures [13] . Propagation in curved rectangular waveguides by the perturbation techniques was introduced for a guide of cross section a × b whose axis was bent to radius R.
Likewise, the twisted coordinate system with application to rectangular waveguides was introduced in Ref. [13] . The other chapters were concerned with curved guides, both rectangular and circular. Calculations were performed for the propagation coefficient, reflection, mode-conversion, mode-coupling and eigenfunctions for a variety of configurations by the asymptotic method. The radiation from curved open structures is mainly considered by using a perturbation approach, that is by treating the curvature as a small perturbation of the straight configuration. The perturbation approach is not entirely suited for the analysis of relatively sharp bends, such as those required in integrated optics and especially short millimeter waves.
An approximate method for predicting the field profile in a curved dielectric waveguide of rectangular cross section was described in [14] . For simplicity, the dielectric and free-space regions were treated separately. Inside the dielectric waveguide, the transverse field was expressed as an Airy function via a conformal transformation. For away from the guide, the field was expressed in terms of Hankel function of the second kind. This model can be applied to guiding structures of rectangular cross section where the transverse propagation constants can be obtained independently.
A theoretical mode model was developed in [15] to solve practical problems for a curved dielectric waveguide (approximately a plane curve) with a rectangular cross section. This model was a generalization of the method from the straight waveguide [16] also for a curved dielectric waveguide with a rectangular cross section where the calculations are dependent on the radius of the curvature, but on the small step's angle (δ p ) of the helical waveguide.
The main objective of this paper is to generalize the numerical mode model [15] from a curved dielectric waveguide (approximately a plane curve) with a rectangular cross section to a helical waveguide (a space curved waveguide for an arbitrary value of the step's angle and the radius of the cylinder of the helical waveguide) with a rectangular cross section. Another objective is to demonstrate the ability of the model to solve practical problems with inhomogeneous dielectric profiles in the cross section. This model has been applied in the case of a helical waveguide with arbitrary profiles in the cross section. The generalized mode model with the two above objectives provides us a numerical tool for the calculation of the output fields and output power transmission for an arbitrary step's angle (δ p ) of the helical waveguide. The method is based on Fourier coefficients of the transverse dielectric profile and those of the input wave profile. This model is useful for the analysis of dielectric waveguides in the microwave and the millimeterwave regimes, for diffused optical waveguides in integrated optics. Note that in our method, we do not consider the bending as a perturbation. The purpose of this study was to develop transfer relations between the wave components at the output and input ports of such waveguides as matrix functions of their dielectric profiles. The following sections present the formulation and the derivation of this method for a helical waveguide with arbitrary dielectric profile in the cross section as function of the step's angle (δ p ) and the radius of the cylinder (R) of the helical waveguide. The output power transmission is improved by increasing the step's angle or the radius of the cylinder of the helical waveguide, especially in the cases of space curved waveguides.
FORMULATION OF THE PROBLEM
The main objective of this paper is to generalize the numerical mode model [15] from a curved dielectric waveguide (approximately a plane curve) with a rectangular cross section to a helical waveguide (a space curved waveguide for an arbitrary value of the step's angle and the radius of the cylinder of the helical waveguide) with a rectangular cross section. Figure 1 shows the geometry of the helical waveguide with a rectangular cross section. The direction of the wave propagation is along the axis of the helical waveguide. The axis of the helical waveguide is shown in Fig. 2(a) . The deployment of the helix is shown in Fig. 2(b) , where R is the radius of the cylinder, and δ p is the step's angle. We start by finding the metric coefficients from the helical transformation of the coordinates. The latters will be used in the wave equations as will be outlined in the next section.
The helical transformation of the coordinates is achieved by two rotations and one translation, and is given in the form: In the first rotation, the ζ and Z axes rotate around the X axis of the orthogonal system (X, ζ, Z) at the point A, until the Z axis becomes parallel to the Z axis (Z Z), and the ζ axis becomes parallel to the X, Y plane (ζ (X, Y )) of the orthogonal system (X, Y, Z) at the point K. In the second rotation, the X and ζ axes rotate around the Z axis (Z Z) of the orthogonal system (X, ζ, Z) until X X and ζ Y . After the two above rotations, we have one translation from the orthogonal system (X, ζ, Z) at point A to the orthogonal system (X, Y, Z) at the point K. Figure 2 (b) shows the deployment of the helix depicted in Fig. 2(a) . The condition for the step's angle δ p is given according to
where the dimensions in the cross section are denoted as a and b, and the radius of the cylinder is denoted as R. The metric coefficients in the case of the helical waveguide according to Eq. (1) are:
Furthermore, the third and the fourth terms in the root of the metric coefficient h ζ are negligible in comparison to the first and the second terms when (x/R) 2 1 and (y/R) 2 1. Nonetheless, the metric coefficient h ζ still depends on δ p , the step's angle of the helix (Fig. 2(b) ). Note that the metric coefficient h ζ is a function of x and y, which causes a difficulty in the separation of variables. Thus, the analytical methods are not suitable for the helical or the curved waveguide. The separation of variables is performed in this study, as a numerical method.
For small values of the step's angle
For small values of the step's angle, the helical waveguide becomes a curved waveguide, where the radius of the curvature of the helical waveguide can then be approximately by the radius of the cylinder (ρ R). In this case, the curved system (x, y, ζ) in conjunction with the curved waveguide is shown in Fig. 3 , and the transformation of the Coordinates (1) is given as a special case of the curved transformation of the coordinates, as follows
and the metric coefficients are given by
By using the Serret-Frenet relations for a spatial curve, we can find the curvature (κ) and the torsion (τ ) for each spatial curve that is characterized by x = constant and y = constant for each pair (x, y) in the range. This is achieved by using the helical transformation introduced in Eq. (1). The curvature and the torsion (see Appendix A) are constants for constant values of the radius of the cylinder (R), the step's angle (δ p ) and the parameters (x, y) of the cross section. The curvature and the torsion are given by
where
The radius of curvature and the radius of torsion are given by ρ = 1/κ, and σ = 1/τ , respectively. For small values of the step's angle (δ p 1), the helical waveguide becomes a curved waveguide (Fig. 3) , where the radius of the curvature of the helical waveguide can then be approximately by the radius of the cylinder (ρ R).
The generalization of the method from a curved dielectric waveguide [15] (approximately a plane curve) to a helical waveguide (a space curved waveguide for an arbitrary value of the step's angle of the helical waveguide) is presented in the following derivation. The derivation is based on Maxwell's equations for the computation of the EM field and the radiation power density at each point during propagation along a helical waveguide, with arbitrary profiles in the rectangular cross section. The method is based on Fourier coefficients of the transverse dielectric profile and those of the input wave profile. The purpose of this study is to develop transfer relations between the wave components at the output and input ports of such helical waveguides as matrix functions of their dielectric profiles. Note that in our method, we do not consider the bending as a perturbation.
SOLUTION OF THE WAVE EQUATIONS
We assume that for most materials, the permeability µ is equal to that of free space (µ = µ 0 ). The wave equations for the electric and magnetic field components in the inhomogeneous dielectric medium (x, y) are given by
and
respectively. The transverse dielectric profile ( (x, y)) is defined as 0 (1 + χ 0 g(x, y)), where 0 represents the vacuum dielectric constant, g(x, y) is its profile function in the waveguide, and χ 0 is the susceptibility of the dielectric material. The normalized transverse derivatives of the dielectric profile g(x, y) are defined as
From the helical transformation of Eq. (1), we can derive the Laplacian of the vector E (i.e., ∇ 2 E), and obtain the wave equations for the electric and magnetic fields in the inhomogeneous dielectric medium.
It is necessary to find the values of ∇ · E, ∇(∇ · E), ∇ × E, and
∇ × (∇ × E) in order to obtain the value of ∇ 2 E, where
All these values are dependent on the metric Coefficients (3a)-(3c). The components of ∇ 2 E are given by
and for h ζ = 1 + (x/R)cos 2 (δ p ). The derivation of Eqs. (8a)- (8c) is given in detail in Appendix B. The wave Eqs. (7a) and (7b) are written in the form
where i = x, y, ζ. The local wavenumber parameter is given by
, and the free-space wavenumber is given by k 0 = ω √ µ 0 0 . The expression (∇ 2 E) x , for instance, is given according to Eq. (8a).
The transverse Laplacian operator is defined as
The metric coefficient h ζ is a function of x, thus we defined
The Laplace transform
is applied on the ζ-dimension, where a(ζ) represents any ζ-dependent variables and ζ = (Rφ c )/ cos(δ p ). Laplace transform on the differential wave equations is needed to obtain the wave equations (and thus also the output fields) that are expressed directly as functions of the transmitted fields at the entrance of the waveguide at ζ = 0 + . Thus, the Laplace transform is necessary to obtain the comfortable and simple input-output connections of the fields. Let us introduce the main steps, in detail. By substitution of Eqs. (8a)-(8c) into Eqs. (10a) and (10b), by using the Laplace transform (13) , and multiply by h 2 ζ , Eqs. (7a) are described in the Laplace transform domain in the form
where the transverse Laplacian operator is defined according to (11) , E x 0 , E y 0 , E ζ0 are the initial values of the corresponding fields at ζ = 0, i.e.,
and the differential equation (14a) is transformed to an algebraic form in the (ω, s, k x , k y ) space, as follows
Similarly, the other differential equations are obtained. The asterisk symbol denotes the convolution operation
The method of images is applied to satisfy the conditions n×E = 0 and n · ( × E) = 0 on the surface of the ideal metallic waveguide walls, where n is a unit vector perpendicular to the surface. The metric coefficient h ζ is a function of x (Eqs. (12a) and (12b)). Thus the elements of the matrices P (0) and Q (0) are defined as:
and the matrices P (1) and Q (1) are defined as:
where I is the unity matrix. Equation (16) and similarly, the two other equations are rewritten in a matrix form as follows
where the initial-value vectors,Ê x 0 ,Ê y 0 , andÊ ζ 0 are defined from the terms (sĒ x 0 +Ē x 0 )/2s, (sĒ y 0 +Ē y 0 )/2s, and (sĒ ζ 0 +Ē ζ 0 )/2s, respectively. The elements of the diagonal matrices K (0) , M, N and K (1) are defined as
where δ nn and δ mm are the Kronecker delta functions. The modified wave-number matrices are defined as
Thus, Eqs. (18(a-c) ) result in
After some algebraic steps, the components of the electric field are formulated as follows:
where:
These equations describe the transfer relations between the spatial spectrum components of the output and input waves in the dielectric The inverse Laplace transform is performed in this study by a direct numerical integration on the s-plane by the method of Gaussian Quadrature. The integration path in the right side of the s-plane includes all the singularities, as proposed by Salzer [19, 20] σ+j∞ σ−j∞ pt F (p)dp.
The function F (p) may be either known only numerically or too complicated for evaluating f (t) by Cauchy's theorem. The function F (p) behaves like a Polynomial without a constant term, in the variable 1/p, along (σ − j ∞ , σ + j ∞ ). One may find f (t) numerically by using new quadrature formulas (analogous to those employing the zeros of the Laguerre polynomials in the direct Laplace transform). A suitable choice of p i yields an n-point quadrature formula that is exact when p 2n is any arbitrary polynomial of the 2n(th) degree in x ≡ 1/p, namely,
In Eq. (25), x i ≡ 1/p i are the zeros of the orthogonal polynomials where
i = 0, 1, . . . , n − 1 and A i (n) correspond to the Christoffel numbers. The normalization P n (1/p) ≡ (4n−2)(4n−6), . . . , 6p n (1/p), for n ≥ 2, produces all integral coefficients. P n (1/p) is proven [19, 20] to be (−1) n e −p p n d n (e p /p n )/dp n . The numerical table gives us the values of the reciprocals of the zeros of P n (x) or p i (n), the zeros of P n (x), or 1/p i n , and the corresponding Christoffel numbers A i (n). By using these quantities in the quadrature formula that represents in Eq. (25), then the Christoffel numbers are given by
A sufficient condition for Eq. (27) to hold is obviously the orthogonality of (1/p)p n (1/p) with respect to any arbitrary ρ(1/p) (see Eq. (26)).
The points 1/p i are denoted by 1/(p i ) n and they are the zeros of a certain set of the orthogonal polynomials in the variable 1/p. By using these quantities in the quadrature formula we can obtain theoretically the exact accuracy for any polynomial in 1/p up to the 16(th) degree.
The ζ component of the average-power density of the complex Poynting vector is given by
where the asterisk indicates the complex conjugate. The active power is equal to the real part of the complex Poynting vector. The total average-power transmitted along the guide in the ζ direction is given by a double integral of Eq. (28). A Fortran code is developed using NAG subroutines [21] . Several examples computed on a Unix system are presented in the next section.
It is very interesting to compare between the mode model methods for wave propagation in the waveguide with a rectangular cross section [15, 16] and in the waveguide with a circular cross section [17, 18] . These the two kinds of the different methods enable us to solve practical problems with different boundary conditions. Let us introduce the similar main points. The calculations in all the two above methods are based on using Laplace and Fourier transforms, and the output fields are computed by the inverse Laplace and Fourier transforms. Laplace transform on the differential wave equations is needed to obtain the wave equations (and thus also the output fields) that are expressed directly as functions of the transmitted fields at the entrance of the waveguide at ζ = 0 + . Thus, the Laplace transform is necessary to obtain the comfortable and simple inputoutput connections of the fields. The objective in all the methods [15] and [17, 18] was to develop a mode model in order to provide a numerical tool for the calculation of the output fields for a curved waveguide.
The technique of the methods is quite different. The technique for a rectangular cross section is based on Fourier coefficients of the transverse dielectric profile and those of the input wave profile. On the other hand, the technique for a circular cross section was based on the development of the longitudinal components of the fields into FourierBessel series. The transverse components of the fields were expressed as functions of the longitudinal components in the Laplace plane and were obtained by using the inverse Laplace transform.
NUMERICAL RESULTS
This section presents several examples which demonstrate features of the proposed mode model derived in the previous section. The method of this model is based on Fourier coefficients, thus the accuracy of the method is dependent on the number of the modes in the system. Further we assume N = M . The convergence of the solution is verified by the criterion
where the number of the modes is equal to (2N + 1) 2 . The order N determines the accuracy of the solution. If the value of the criterion is less then −2, then the numerical solution is well converged. A comparison with the known transcendental equation [22] is needed, in order to examine the validity of the theoretical model. We derive the transcendental equation and the field E y by the potentials for T E 10 mode. We confirm the validity of our model by comparison of the numerically computed results with the results based on the transcendental equation for a dielectric slab (Fig. 4) . The derivation is given in detail in Appendix C.
Let us compare the theoretical model with the known analytical theory. For the given dimensions a and d, we find the values Λ and Ω according to the next transcendental equation for a dielectric slab (Fig. 4) . According to our theoretical model we can calculate E y 0 (n, m) The known solution for the dielectric slab modes based on transcendental equation [22] is given as follows
Equations (30) were substituted as the initial fields into the Eq. (22b) at z = 0 + in the practical case of the straight waveguide (by letting R → ∞ or by taking δ p = π/2) with the symmetrical slab profile (Fig. 4) . The result of the comparison between the theoretical model with the known solution [22] is shown in Fig. 5(a) , where r = 9, d = 3.3 mm, and λ = 6.9 cm. The convergence of the numerical results as a function of the matrix order is shown in Fig. 5(b) . The comparison is demonstrated for every order (N = 1, 3, 5, 7, and 9) . The order N determines the accuracy of the solution. The convergence of the solution is verified by the criterion (29) for the E y component of the fields (instead of S av ). If the value of the criterion is less then −2, then the numerical solution is well converged. When N increases, then E y (N ) approaches E y . The value of the criterion between N = 7 and N = 9 is equal to −2.38 −2, namely, a hundredth part. The comparison between the theoretical mode-model and the known model [22] has shown good agreement.
Note that we have two ways to compare between the results of our mode model with the other methods. The first way is to compare between the results of the output fields for every order (N = 1, 3, 5, 7, and 9) with the final solution of the known method. The second way is to compare between the results of the output fields (according to our model) for every two orders (N = 1, 3, N = 3, 5, N = 5, 7, and N = 7, 9), until our numerical solution is well converged. This way is efficient in the cases that we have complicated problems that we cannot compare with the final solution of the known method. A circular dielectric profile in a rectangular waveguide The geometrical shape of a circular dielectric profile loaded rectangular waveguide is demonstrated in Fig. 6 for an inhomogeneous dielectric profile in the cross section. The radius of the circle is denoted as r 1 and the dimensions of the waveguide in the cross section are denoted as a and b. The refractive index of the core (dielectric profile) is greater than that of the cladding (air). Further, the next examples will demonstrate the results of the solutions in the case of a circular dielectric profile in a rectangular waveguide (Fig. 6) , for r 1 = 0.5 mm and for a = b = 2 cm. In order to solve discontinuous problems in the cross section, the ω function, "cap-shaped function" [23] , is used. The ω ε function (Fig. 7) is defined as
where the constant C ε is chosen to satisfy ω ε (r)dr = 1.
The ω ε function in the limit ε −→ 0 is shown in Fig. 8 . Let us assume that the center of the circle located at the point (a/2, b/2), as shown in Fig. 6 is given by
The derivatives of the dielectric profile are defined as
where (∂/∂x) = (∂/∂r)(∂r/∂x) and (∂/∂y) = (∂/∂r)(∂r/∂y). Thus, the derivatives of the dielectric profile are calculated as follow
The elements of the matrices g(n, m), g x (n, m) and g y (n, m) are given by Figure 9 demonstrates the influence of the step's angle (δ p ) and the radius of the cylinder (R) on the radius of curvature of the helix (ρ) along the ζ-axis of the helix. Three results are demonstrated for three values of δ p (δ p = 0, 0.4, 0.8). For an arbitrary value of radius of cylinder, the radius of curvature of the helix is large for large values of the step's angle and decreases with decreasing the value of δ p . On the other hand, for an arbitrary value of the step's angle, the radius of curvature of the helix is large for large values of the radius of the cylinder, and decreases with decreasing the value of the radius of the cylinder.
The main contribution of this paper is demonstrated in Fig. 10 , in order to understand the influence of the step's angle (δ p ) and the radius of the cylinder (R) on the output power transmission. The output fields are dependent on the input wave profile (T E 10 mode) and the dielectric profile. Six results are demonstrated for six values of δ p (δ p = 0, 0.4, 0.7, 0.8, 0.9, 1.0), where ζ = 15 cm, a = b = 2 cm, r 1 = 0.5 mm, λ = 3.75 cm, and r = 10, where the waveguide's cross section is given in Fig. 6 . For an arbitrary value of R, the output power transmission is large for large values of δ p and decreases with decreasing the value of δ p . On the other hand, for an arbitrary value of δ p , the output power transmission is large for large values of R and decreases with decreasing the value of R. Note that for small values of the step's angle, the radius of curvature of the helical waveguide can be approximated by the radius of the cylinder. In this case, the output power transmission is large for small values of the bending (1/R), and decreases with increasing the bending. Thus, this model can be a useful tool to find the parameters (δ p and R) which will give us the improved results (output power transmission) of the curved waveguide in the cases of space curved waveguides. Figures 11(a)-(d) show the results of the output power density (S av ) as functions of the step's angle (δ p = 1) and the radius of the cylinder (R = 0.5 m). The other parameters are: ζ = 15 cm, a = b = 2 cm, r 1 = 0.5 mm, λ = 3.75 cm. The output fields are dependent on the input wave profile (T E 10 mode) and the dielectric profile (Fig.  6) . Fig. 12(a) shows the output amplitude and the Gaussian shape of (Fig. 6 ) with regard to the cladding (air) from 2 to 10, the output transverse profile of the power density (S av ) is changed.
For small values of r (e.g., r = 2) the half-sine (T E 10 ) shape of the output power density appears ( Fig. 11(a) ), with a little influence of the Gaussian shape in the center of the output profile. On the other hand, for large values of r (e.g., r =10) the Gaussian shape of the output power density appears in the center of the output profile ( Fig. 11(d) ), with a little influence of the half-sine (T E 10 ) shape in the center of the output profile. By increasing only the parameter r from 2 to 10, the result of the output power density shows a Gaussian shape and the amplitude of the output power density is changed from 1.6 W/m 2 to 1 W/m 2 , as shown in Fig. 12(a) . In this case, the output Gaussian profile increases with increasing the value of r . These examples demonstrate the influence of the dielectric profile for an inhomogeneous cross section, for arbitrary step's angle and the radius of the cylinder of the helical waveguide. . By increasing only the parameter of the order from N = 1 to N = 9, then the output profile approaches to the final output profile.
CONCLUSIONS
This paper presents a rigorous approach for the propagation of electromagnetic (EM) fields along a helical waveguide with arbitrary profiles in the rectangular cross section. The main objective was to develop a mode model to provide a numerical tool for the calculation of the output fields, output power density, and output power transmission for an arbitrary step's angle (δ p ) and the radius of the cylinder (R) of the helical waveguide. Thus, the method [15] was generalized from the curved dielectric waveguide (approximately a plane curve) with a rectangular cross section to a helical waveguide (a space curved waveguide for an arbitrary value of the step's angle of the helical waveguide) with a rectangular cross section. Another objective was to demonstrate the ability of the model to solve practical problems with inhomogeneous dielectric profiles. The calculations are based on using Laplace and Fourier transforms, and the output fields are computed by the inverse Laplace and Fourier transforms. Laplace transform on the differential wave equations is needed to obtain the wave equations (and thus also the output fields) that are expressed directly as functions of the transmitted fields at the entrance of the waveguide at ζ = 0 + . Thus, the Laplace transform is necessary to obtain the comfortable and simple input-output connections of the fields.
The main contribution of this paper is demonstrated in Fig. 10 , in order to understand the influence of the step's angle (δ p ) and the radius of the cylinder (R) on the output power transmission. Six results are demonstrated for six values of δ p (δ p = 0, 0.4, 0.7, 0.8, 0.9, 1.0), where ζ = 15 cm, a = b = 2 cm, r 1 = 0.5 mm, λ = 3.75 cm, and r = 10, where the waveguide's cross section is given in Fig. 6 . The output fields are dependent on the input wave profile (T E 10 mode) and the dielectric profile (Fig. 6) . For an arbitrary value of R, the output power transmission is large for large values of δ p and decreases with decreasing the value of δ p . On the other hand, for an arbitrary value of δ p , the output power transmission is large for large values of R and decreases with decreasing the value of R. Note that for small values of the step's angle, the radius of curvature of the helical waveguide can be approximated by the radius of the cylinder. In this case, the output power transmission is large for small values of the bending (1/R), and decreases with increasing the bending.
This model can be a useful tool to find the parameters (δ p and R) which will give us the improved results (output power transmission) of the curved waveguide in the cases of space curved waveguides. This mode model might be a useful tool for the analysis of continuous and discontinuous curved dielectric waveguides in the microwave and millimeter-wave regimes, for diffused optical waveguides in integrated optics.
APPENDIX A.
By using the Serret-Frenet relations for a spatial curve, we can find the curvature (κ) and the torsion (τ ) for each spatial curve that is characterized by y = constant and x = constant for each pair (x, y) in the range. This is achieved by using the helical transformation introduced in Eq. (1).
The location vector for the helical transformation of the coordinates (1) is given by
where φ c = (ζ/R) cos(δ p ), R is the radius of the cylinder, and (x, y) are the parameters of the cross section. The tangent vector is given by T = (dr/dζ) = (dr/dφ c )/(dζ/dφ c ). The normal vector is given by N = (1/κ)(dT/dζ), and the binormal vector is given by B = T × N.
The rate of the change of the tangent vector related to the parameter ζ measurses the curvature, and is given by dT/dζ = (dT/dφ c )/(dζ/dφ c ).
The curvature of the helix is constant for constant values of the radius of the cylinder (R), the step's angle (δ p ) and the parameters (x, y) of the cross section. The curvature is given by the first SerretFrenet equation of a curve r(ζ) in the space according to dT/dζ = κN. Thus, the curvature is
and the radius of curvature is given by ρ = 1/κ. The rate of the change of the binormal vector related to the parameter ζ measurses the torsion, and is given by dB/dζ = (dB/dφ c )/(dζ/dφ c ).
The torsion of the helix is constant for constant values of the radius of the cylinder (R), the step's angle (δ p ) and the parameters (x, y) of the cross section. The torsion is given by the second Serret-Frenet equation of a curve r(ζ) in the space according to dB/dζ = −τ N. Thus, the torsion is
where C t is given above, and the radius of torsion is given by σ = 1/τ .
APPENDIX B.
The purpose of this appendix is to show the derivation of ∇ · E for the curved system (x, y, ζ). It is necessary to find the values of ∇ · E, ∇(∇ · E), ∇ × E, and ∇ × (∇ × E) in the following equation: The derivation of the transcendental equation is given in this appendix. The potentials for T E 10 mode (Fig. 4) 
